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Digression Analysis: P i t t i n g 

to Heterogeneous Data 

Alternative Regression Models 

S. Mustonen, Helsinki 

SUMMARY 

A selective least squares method for parameter estimation of alternative 
regression models in heterogeneous data is introduced. A test for hetero
geneity of the sample is described. Computational aspects of the method 
are discussed and some test results are presented. 
KEYWORDS switching regression, cluster analysis, least squares, 

heterogeneous data. 

1 . Introduction 

Heterogeneous data appearing i n a s t a t i s t i c a l i n v e s t i g a t i o n i s 
seldom a pleasant surprise when a neat unimodal • sample was ex
pected. Heterogeneity proves that the observations have been af
fected by some unrecorded f a c t o r s . I f these disturbances cannot be 
measured afterwards heterogeneity i s bound to remain i n the data 
and i t may hamper a l l the s t a t i s t i c a l analyses. 

In t h i s paper the problem of heterogeneity w i l l be considered i n 
connection with linear and nonlinear regression analysis. A method 
w i l l be proposed which allows dealing with regression models des
p i t e heterogeneous data. 

As an i l l u s t r a t i v e simple example, l e t us imagine an ambiguous 
s i t u a t i o n i n the ordinary l i n e a r model y=ax+3+e where a,3 are un
known parameters and. e i s the error term. Assume that our data to 
be used for parameter estimation contains a considerable portion 
of exceptional observations having a d i f f e r e n t 3 parameter, say y. 
Thus the important trend parameter a i s supposed to be the same 
for a l l observations. In F i g . l such a heterogeneous sample with 
ot=l, 3 = - 0 . 6 , Y = 1 and e ^ N ( 0 , 0 . 5 2 ) i s displayed. 50 observations of 
each kind have been generated. A l l the simulations, computations 
and graphic presentations i n t h i s paper have been carried out with 
the s t a t i s t i c a l data processing system SURVO 76 (Mustonen,1977). 

I t i s disastrous to f i t an ordinary l i n e a r model to t h i s data. 
Although a i s same for the both species of observations the common 
least squares estimate of t h i s trend parameter i s O.736. 
The method to be considered i n t h i s paper, digression analysis, 
w i l l give without any p r i o r information on the o r i g i n of each 
observation the estimates a = 0 . 9 8 l , 3 = - 0 . 6 3 2 and y= 0 . 9 6 8 . 
Simultaneously with the estimation the observations w i l l also be 
cl a s s i f i e d i n t o two groups which i n t h i s case agree w e l l with the 
o r i g i n a l p a r t i t i o n . 
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F i g , l a A heterogeneous sample F i g . l b The r e g r e s s i o n l i n e 
and the d i g r e s s i o n l i n e s 

l 1 1 1 1 I 1 1 1 1 1 1 
- 3 - 2 - 1 0 1 2 3 - 3 - 2 - 1 0 1 2 3 

2. P r i n c i p l e o f d i g r e s s i o n a n a l y s i s 
I n d i g r e s s i o n a n a l y s i s t h e p r o p e r t i e s o f r e g r e s s i o n and c l u s t e r 
a n a l y s i s are combined. Le t us have n o b s e r v a t i o n s 

y j > x l j > x 2 j ' ' ' ' , x m j 9 0=1,2,...,n 
on t h e v a r i a b l e s y , x , , . . . , x and assume t h a t these o b s e r v a t i o n s 
are d i v i d e d i n an unknown way i n t o two groups ( r e s t r i c t i o n t o 
two i s n o t e s s e n t i a l ) , and i n group i ( i = l , 2 ) we have 

E ( y ) = f i ( x 1 , x 2 , . . . , x m , a i ) 
where the form o f t h e r e g r e s s i o n f u n c t i o n f . i s known b u t p o s s i b l y 
d i f f e r e n t f o r each g r o u p , and i s t h e v e c t o r o f parameters t o be 
e s t i m a t e d . 
Our t a s k i s t o e s t i m a t e t h e parameters a-]_ 3o-2 s i m u l t a n e o u s l y w i t h 
o u t any p r e v i o u s i n f o r m a t i o n on t h e t y p e o f any s i n g l e o b s e r v a t i o n . 
A n o r m a l p r o c e d u r e i n t h i s s i t u a t i o n i s t o c l a s s i f y t h e o b s e r v a 
t i o n s u s i n g some g e n e r a l c l u s t e r i n g a l g o r i t h m and t h e r e a f t e r the 
parameters w i l l be e s t i m a t e d by means o f r e g r e s s i o n a n a l y s i s . 
T h i s i s n o t , however, e f f i c i e n t s i n c e c l a s s i f i c a t i o n and e s t i m a 
t i o n are t o be c a r r i e d out i n d e p e n d e n t l y o f each o t h e r . 
Simultaneous c l a s s i f i c a t i o n and e s t i m a t i o n has o c c u r r e d a t l e a s t 
i n e c o n o m e t r i c s when c o n s i d e r i n g d i s c o n t i n u o u s parameter changes 
i n t i m e s e r i e s ( G o l d f e l d and Q u a n d t , 1 9 7 6 ) . I n these s w i t c h i n g 
r e g r e s s i o n problems a d d i t i o n a l i n f o r m a t i o n i n a f o r m o f a t i m e 
v a r i a b l e or o t h e r e x t r a n e o u s v a r i a b l e s i s u s u a l l y a v a i l a b l e , and 
i t n a t u r a l l y s i m p l i f i e s t h e problem. 
I n our approach t h e parameters are e s t i m a t e d by g e n e r a l i z i n g the 
l e a s t squares (OLS) c r i t e r i o n 
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n 2 mm 
a • • • > x •.a)) mj 9 a 

to a s e l e c t i v e form 
n 

x m j ' a l ) ) 2 ' ( y j - f 2 ( x l j x m j ) a 2 ) ) 2 } I m i n { ( y . - f , ( x 1 . 
j = l J J 

5 . . . j (1) 

and t h i s s e l e c t i v e l e a s t squares (SLS) c r i t e r i o n i s t o be m i n i 
mized w i t h respect t o a^,oi2. 
Thus each observation w i l l be a t t r i b u t e d t o the nearest regress
i o n curve and the parameters of each submodel f - ^ j f ^ a r e d e t e r -
mined only by observation p o i n t s o f i t s .own. 
We are i n f a c t a p p l y i n g the nearest-mean c l a s s i f i c a t i o n r u l e 
(Fukunaga,1972,p.332) i n a generalized form. 
The d i g r e s s i o n model defined above w i l l be notated by 

This set up and the corresponding SLS c r i t e r i o n can be e a s i l y 
extended t o more than two submodels. The i n t r o d u c t o r y example 
shows t h a t the submodels may have common parameters. I n many 
p o t e n t i a l a p p l i c a t i o n s i t i s n a t u r a l t o expect t h a t the sub
models have a s i m i l a r form and they d i f f e r from each other only 
by a few parameters. 
At f i r s t i t may seem r a t h e r odd t h a t t h i s simple s e l e c t i v e c r i 
t e r i o n can work i n p r a c t i c e when the subgroups are not d i s t i n c t 
but p a r t i a l l y overlapped. Then many serious m i s c l a s s i f i c a t i o n s 
occur which may d i s t u r b parameter e s t i m a t i o n . Let us n o t i c e , 
however, t h a t the m i s c l a s s i f i c a t i o n s w i l l u s u a l l y f a l l on neu
t r a l observations located "between" the re g r e s s i o n curves and 
having no major i n f l u e n c e on e s t i m a t i o n . 
Of course, the estimates obtained by the SLS method may be biased 
p a r t i c u l a r l y i f the data i s only s l i g h t l y heterogeneous and the 
subgroups are s t r o n g l y overlapped. This d i g r e s s i o n bias dimin
ishes r a p i d l y when the heterogeneity grows. The magnitude of the 
bias depends also on the nature of the parameter. For i n s t a n c e , 
i n the d i g r e s s i o n model 

the l o c a t i o n parameters 8 and y may have s t r o n g l y biased e s t i 
mates whil e the tre n d parameter a i s always almost unbiased. 
I n some cases the d i g r e s s i o n bias can be estimated as w e l l and 
i t s d e t r i m e n t a l e f f e c t s may be reduced (Mustonen,1976). 
Passing from OLS t o SLS means a considerable increase o f computa
t i o n a l work even i n the case of l i n e a r submodels f ^ f ^ since 
m i n i m i z a t i o n o f the s e l e c t i v e c r i t e r i o n (1) i s a n o n l i n e a r o p t i 
m i z a t i o n problem t o be solved by i t e r a t i v e methods. I t i s also 
d i f f i c u l t t o study the SLS p r i n c i p l e t h e o r e t i c a l l y , and t h i s may 
be the reason why i t has been ignored. 

E(y) = (2) 

ax+8 
ax+y 



3 . Testing f o r heterogeneity 
I n d i g r e s s i o n analysis i t i s necessary t o make sure t h a t the data 
i n question i s r e a l l y heterogeneous i n the intended manner. 
One p o s s i b i l i t y t o do t h i s i n p r a c t i c e i s t o f i t an or d i n a r y 
r e g r e s s i o n model 

E ( y ) = f ( x 1 , x 2 , . . . , x m , a ) (3) 
and compare the r e s i d u a l sums of squares i n (2) and ( 3 ) . 
Let these sums be S D and S R, r e s p e c t i v e l y . I f f = f ^ we have S D<S R 

since the d i g r e s s i o n model i s always more f l e x i b l e than i t s 
submodels. As a n a t u r a l t e s t c r i t e r i o n f o r heterogeneity the r a t i o 
S D/S R may be used. Now the c r u c i a l question i s whether the value 
of t h i s r a t i o i s small enough t o i n d i c a t e t h a t the d i g r e s s i o n 
hypothesis (2) i s t o be p r e f e r r e d t o a p l a i n regression hypoth
esis (3) • 
We s h a l l study the behaviour of the s t a t i s t i c S D/S R i n the simple 
d i g r e s s i o n model 

y~\v2+£2, e 2^N(0,a 2 2) ^ } 

which i s eq u i v a l e n t t o d i s s e c t i o n o f a mixture o f two normal d i s 
t r i b u t i o n s . Assume t h a t the components of t h i s mixture are pre
sented i n our data i n the p r o p o r t i o n s p-̂ ,P2« 
A t h e o r e t i c a l counterpart f o r SLS e s t i m a t i o n o f t h i s model i s t o 
minimize the expected value 

E ( m i n { ( y - X 1 ) 2 , ( y - X 2 ) 2 } ) ( 5 ) 
w i t h respect t o X 1,X 2 < The minimum of (5) i s denoted by a^. 
I n general, i t i s not po s s i b l e t o w r i t e X l 5X 2 and i n a closed 
form. I n Table 1 these values are l i s t e d f o r some combinations 
of y 1 = - y 2 = y, P2^l a n d °2 ( a i = 1 ) • 
Table 1 

°2 P 2/ P l V x2 0 D R 
0.0 1.0 1.0 0. 7 9 7 8 -0. 7 9 7 8 0. 3 6 3 4 0. 3 6 3 4 
0.5 1.0 1.0 0. 8955 -0. 8 9 5 5 0. 4 4 9 1 0. 3593 
1.0 1.0 1.0 1. 1666 - 1 . 1666 0. 6 3 8 9 0 . 3195 
1.5 1.0 1.0 1. 5586 - 1 . 5 5 8 6 0. 8207 0. 2 5 2 5 
2.0 1.0 1.0 2. 0 1 6 9 -2. 0 1 6 9 0. 9 3 1 7 0. 1 8 6 4 
2.5 1.0 1.0 2. 5040 -2. 5040 0. 9799 0. 1352 
3.0 1.0 1.0 3. 0 0 0 7 -3. 0 0 0 7 0. 9 9 5 4 0. 0995 
0.0 0.8 0.8 0. 7 2 6 9 -0. 7 2 6 9 0. 3115 0. 3 7 0 9 
0.0 0.8 0.6 0. 7 3 8 0 -0. 7 3 8 0 0. 3 2 0 2 0. 3 7 0 3 
0.0 0.6 0.8 0. 6 5 6 0 -0. 6 5 6 0 0. 2 8 5 1 0. 3 9 8 5 
0.0 0.6 0.6 0. 6 7 8 2 -0. 6 7 8 2 0. 3 0 0 0 0. 3948 
1.0 0.8 0.8 1. 2 9 7 4 -0. 9331 0. 5 5 3 2 0. 3 0 2 7 
1.0 0.8 0.6 1. 3402 -0. 8 9 4 1 0. 5 5 5 1 0. 3080 
1.0 0.6 0.8 1. 3 7 2 3 - 0 . 8 7 0 9 0. 4645 0. 2 7 2 8 
1.0 0.6 0.6 1. 3 9 6 8 -0 . 8 1 4 4 0. 4766 0. 2 8 0 8 
2.0 0.8 0.8 2 . 0 5 3 1 - 1 . 9 6 0 2 0. 7946 0. 1659 
2.0 0.8 0.6 2. 0 5 6 6 - 1 . 9410 0. 8 1 5 0 0. 1766 
2.0 0.6 0.8 2. 0615 - 1 . 9478 0. 6747 0. 1446 
2.0 0.6 0.6 2. 0 6 2 9 - 1 . 9 2 8 9 0. 7136 0. 1582 
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I n the symmetric case o-^-o^-0* P i = P2' y l = ~^2 = M w e n a v e 

X 1 = -X2 = X = (2<&(y/a)-l)y + 2<J>(y/a)a 
and a1?)=o2 + y2-X , a 2 ^ = a 2 + u 2 I n p a r t i c u l a r , i f the d i s t r i b u t i o n i s 
homogeneous then X = /2/TTC and ap/a^ = K = l - 2 / T T = 0 . 36338. The r a t i o 
a^/a| i s c l e a r l y a counterpart f o r S D/S R i n the model ( 4 ) . and 
Sp/Sp tends to* K as the sample size grows i f the sample i s from 
a homogeneous normal d i s t r i b u t i o n . I t i s also obvious t h a t f o r a 
homogeneous normal sample the asymptotic d i s t r i b u t i o n of S^/S^ i s 
normal. To evaluate the mean and variance of t h i s asymptotic 
d i s t r i b u t i o n , a s e r i e s of s i m u l a t i o n experiments have been car
r i e d out. The main r e s u l t s are given i n Table 2 . 

Table 2 

number o f n mean of std.dev. skewness k u r t o s i s 
r e p l i c a t e s V SR of S D/S R 

200 50 0.3^52 0 . 0 4 5 6 - 0 . 0 7 3 . 0 3 
1320 100 0.35^3 0 . 0 3 2 7 0 . 1 8 3.19 

385 200 0 . 3 5 8 7 0 . 0 2 5 1 0 .12 2 . 9 7 
210 500 0 . 3 6 2 0 0 .0156 0 . 1 3 2 . 8 8 
578 1000 0 . 3 6 3 3 0 . 0 1 0 5 -0.1.5 2 . 8 3 

The r e s u l t s i n d i c a t e t h a t E(S n/S ) tends t o K and Var(S /S ) i s 
approximately 0.115/n. u K D K 

I n f a c t S R and Sp/SR seem t o be a s y m p t o t i c a l l y independent v a r i 
ables. I n t h i s case i t can be shown t h a t the asymptotic variance 
of SD/S^ i s 8( 1 - 3 / I T ) / ( u n ) . Several t e s t s have been performed f o r 
various n showing no s i g n i f i c a n t departure from n o r m a l i t y . 
I n F i g . 2 sample d i s t r i b u t i o n s of S ^ / S R have been p l o t t e d on nor
mal p r o b a b i l i t y paper f o r n= 2 0 0 , 5 0 0 and 1 0 0 0 . 

1000 5O0 200 

1 1 1 1 1 1 1 1 1 1 1 1 r ~ — 1 1 1 1 
0 . 2 8 0 . 2 9 0 . 3 0 . 3 1 0 . 3 2 0 . 3 3 0 . 3 4 0 . 3 5 0 . 3 6 0 . 3 7 0 . 3 S 0 . 3 9 0 . 4 0 . 4 1 0 . 4 2 0 . 4 3 0 . 4 4 

The t e s t , based on the asymptotic d i s t r i b u t i o n o f S D / S R , can also 
be used i n the more general s i t u a t i o n of our i n t r o d u c t o r y example 
where the d i g r e s s i o n model can be r e w r i t t e n i n the form 

• 
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y-ax = ( Y + e2 
which i s same as (4) i f a i s known. Thus f o r l a r g e n, S n/S R has 
the same asymptotic p r o p e r t i e s f o r both models. Also s i m u l a t i o n s 
w i t h homogeneous samples f o r v a r i a b l e s x,y support t h i s a ssertion. 
I n the i n t r o d u c t o r y example S D/S R=0.248 and i f the daja were 
homogeneous S D/S R would be approximately N(0.35,0.034 ) . Thus our 
t e s t i n d i c a t e s t h a t the sample i n P i g . l i s very heterogeneous. 
I n Pig.3 two samples of 1000 observations o f the same type are 
displayed. The f i r s t i s heterogeneous w i t h a = l , g=-y=0.5 and 
e-^jC^^NCO,0.52) but the second sample i s homogeneous w i t h a=0.9, 
3=Y=0 and e^N(0,0.7 2). I n t h i s case i t i s r a t h e r d i f f i c u l t t o 
detect the heterogeneity by eye. Here, however, Sj)/S R acquires 
the value 0.328 f o r the f i r s t sample and 0.366 f o r the second. 
I n t h i s case Sp/S R should be N(0.363,0.0107 2) f o r a homogeneous 
sample. Thus the homogeneity o f the f i r s t sample would be r e 
j e c t e d . 
Fig. 3 

* -1 + -

3 - a -

4. Computational aspects 
I n e s t i m a t i o n of d i g r e s s i o n models we have t o minimize the SLS 
c r i t e r i o n ( 1 ) . The nature o f t h i s problem i s i l l u s t r a t e d by the 
f o l l o w i n g example. 
Consider the simple d i g r e s s i o n model ( 4 ) . I n t h i s case a p p l i c a 
t i o n of the SLS p r i n c i p l e means p a r t i t i o n i n g of observations 
y j , j = l , . . . , n i n t o d i s j o i n t subsets {y -, j e ^ T ,{y •, j e J 2 > and selec
t i n g the values of P^'^ s o t h a t 

£ (y - r v i - , ) 2 + 1 ( y r ^ ? ) 2 

J£J X J j e J 2 J d 
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is minimized. For each fixed partition J±,J2 the minimum is a t 
tained when is the arithmetic mean of y values of J^ , i=l,2. 
Thus by comparing the minima obtained in various partitions the 
solution will be found. By sorting the observations only a few 
comparisons are necessary in practice. 
This simple procedure can also be applied to some other digress
ion models, but in general, the solution of the estimation prob
lem must be based on some general iterative algorithm. The task 
is not easy because the objective function (1) may have unpleas
ant cusps as illustrated in Fig.*J 

It is important that the algorithm can detect the broad outlines 
of the function in spite of the cusps. In practice we have ex
perimented with the variable metric method with numerical deriva
tives and the method of Hooke and Jeeves (196l). The latter 
method, which is a direct search algorithm, has proved to be 
reliable in various 'linear and nonlinear digression models. 
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